ABSTRACT. The main purpose of this paper is to give fundamental properties of real lightlike hypersurfaces of paraquaternionic manifold and to prove the non-existence of real lightlike hypersurfaces in paraquaternionic space form under some conditions.
INTRODUCTION
The paraquaternionic Kähler manifolds have been studied by several authors: Garcia-Rio, Matshushita, Vasquez-Lorenzo [5] , Ivanov, Zamkovoy [7] , Vukmirović [12] . On the other hand, the general theory of lightlike submanifolds has been developed by Kupelli [8] and Bejancu-Duggal [1] , [2] . In [10] and [11] Şahin and Gőneş have begun the study of real lightlike hypersurfaces in complex and quaternionic manifolds. In this paper we start the study of real lightlike hypersurfaces of paraquaternionic manifold.
In section 2 we present the definition and basic properties of paraquaternionic manifolds and in section 3 we present the definition and fundamental properties of lightlike hypersurfaces of semi-Riemannian manifolds.
In section 4 we investigate the real lightlike hypersurfaces of paraquaternionic manifold, we give an example and find an interesting correlation between the lightlike hypersurfaces of paraquaternionic manifold and the contact and paracontact structures.
In section 5 some conditions for the total geodesicity of the real lightlike hypersurfaces of paraquaternionic Kähler manifold are obtained.
In the last section we prove the non-existence of real lightlike hypersurfaces in paraquaternionic space form under some conditions. 
In particular, the sectional curvature for a half-paraquaternionic plane is called paraquaternionic sectional curvature. Definition 2.6.
A 
for all vector fields X, Y, Z on __ M and any local basis { }
is a paraquaternionic manifold, then the following conditions are equivalent
. M is called a lightlike hypersurface if g is of constant rang m.
Remark 3.2.
We consider the vector bundle ⊥ TM whose fibres are defined by:
Thus 
The vector bundle ( ) 
, and 
and respectively:
Thus, from (3) and (4), locally we have:
Let P be the projection of TM on ( )
.We consider decomposition:
and C is a 1-form on U .
and thus, from (8) we have:
From [3] we have the following equations: 
REAL LIGHTLIKE HYPERSURFACES OF PARAQUATERNIONIC MANIFOLDS
is a pair of sections on M U ⊂ in remark 3.3, then:
, and we deduce that
On the other hand, we have for
Thus, we deduce that
For any
we find:
, we get:
. Thus we conclude that:
TM . Thus we conclude that:
On the other hand, from any section N of ( )
TM ltr
we have:
. Thus we obtain that:
. On the other hand, we have:
. Finally, from (14), (15), (16) and (17) we derive that:
Thus, we deduce that 0 D is invariant with respect to α J ,
. Moreover, we see that we have the general decompositions:
We consider the manifold 8  5  6  3  4  1  2  8  7  6  5  4  3  2  1  1   ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  , , 1  4  3  6  5  8  7  8  7  6  5  4  3  2  1  2   ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  , , 2  3  4  5  6  7  8  8  7  6  5  4  3  2  1  3   ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  ,  , ,
Then it is easily checked that:
Thus we conclude that
We define now a hypersurface M of
( ) ( ) 1  7  2  6  5  3  1  2  7  4  6  3  7  6  5  4  3  2  1   ,  ,  ,  ,  ,  ,  ,  , Thus the tangent space TM is spanned by { }
, where: 8  7  6  5  4  3  2  1   ,  ,  ,  ,  ,  ,  , , from the conditions:
, we obtain:
Hence:
and M is lightlike hypersurface of 8 4 r .
Remark 4.3.
We consider the local lightlike vector fields:
. Then any local vector field on M is expressed as follows:
where S is the projection on the almost paraquaternionic distribution
and α f are 1-forms locally defined on M by:
. By using (18) and the definition 2.1. we derive: i. ( )
is an almost contact structure on M.
iv.
Proof.
i. From (19) we have:
and applying 1 J to (24) we obtain:
Finally, from (26), (27) and (28) we deduce that ( )
ii. From (19) we have:
and applying 2 J to (29) we obtain: 
Finally, from (31), (32) and (33) we conclude that ( )
is a Lorentzian almost paracontact structure on M.
Similarly we find that ( )
. iv. From (19) we obtain:
Thus, we have:
and similarly we find: 
In particularly we find:
. Thus, we have:
and similarly we obtain:
On the other hand:
TOTALLY GEODESIC REAL LIGHTLIKE HYPERSURFACES OF PARAQUATERNIONIC MANIFOLDS
We start with the following preparatory result: Lemma 5.1. 
Proof.
By using (1) and (19), we derive:
On another hand, by using (5), (6) and (19) we obtain:
Comparing the tangential and transversal vector bundle parts of the both sides of this equation, we obtain:
Similarly we obtain the next two equations of (34) and (35). Theorem 5.2. 
Proof. From Lemma 5.1. we have:
, by using (20) and (21), we obtain:
. From this equation, by using (10), we deduce for
. On the other hand:
. Thus, we deduce that: (36)
and similarly we have:
, by using the definition of α f , we obtain:
, φ − = ∇ . Thus, from (36), (37), (38) and (39) the proof is complete. Then M is totally geodesic if and only if:
For any ( ) TM X Γ ∈ , from (5) we have:
, and thus, by using (1), (6) and (40) we derive:
By using (1) and (9) we obtain:
Similarly we obtain:
On the other hand, for any
, we have:
by using (7) we deduce that:
Finally, by the definition of lightlike hypersurface, M is totally geodesic if and only if:
and from the equations (41)- (47) we derive the assertion of theorem. 
The distribution 0 D is integrable if and only if:
and from the general decomposition 
, by using (6) we have:
and taking account of (10) we deduce:
. From (1) and (7), we have:
Thus, we deduce:
From (2) and (19) we obtain:
On the other hand from lemma 6.2. we have:
Thus: , we obtain: 
On the other hand, from (53) we obtain: By straight forward calculations using (5), (6), (7), (8), (52) and (53) we obtain: Finally, by using (56),(57),(58) and (59) in (55) we obtain:
. Thus, the proof is complete.
